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Exercise 1 (p-adic remarks). 1. Show that for all N P Ną1, we have an isomorphism

proj lim
iě0

Z{N iZ »
ź

p|N

Zp.

2. Show that for all sequence punqnPN, un P Qp (or in Q),
ř

n un converges in Qp if and only
if un ÝÑ 0 in Qp. Find an example of a sequence of rational whose sum converge in Qp

but not in R.
3. Show that writing x “

ř

i aip
i P Qp, with ai P t0, . . . , p ´ 1u we have x P Q if and only if

the sequence paiqi is eventually periodic.
4. Show that there exists a continuous surjection Zp ÝÑ r0, 1s. Is there a continuous surjection
r0, 1s ÝÑ Zp ?

Exercise 2. 1. For which x P Qp does the following series converges

exppxq “
ÿ

ně0

xn

n!
?

2. For which x P Qp does the following series converges

logpxq “
ÿ

ně1

p´1qn´1

n
px´ 1qn?

3. Generalize these results for (finite) extensions of Qp.
4. Show that exppx ` wq “ exppxq exppwq for x,w P 2pZp. Hint : You can first prove that

if an, bm are such that
ř

n an and
ř

m bn converges then
ř

n

ř

m anbm “
ř

m

ř

n anbm “
ř

`p
ř

n,m| n`m“` anbmq.

5. Show that logpxwq “ logpxq ` logpwq for x,w P 1` pZp.

Exercise 3 (Krasner). Let K be a p-adic field and K a separable (algebraic) closure.
1. Let x P K with conjugates x2, . . . , xn P K. Let y P K such that |y ´ x| ă |y ´ xi| for all
i P t2, . . . , nu. Then show that Kpxq Ă Kpyq.

2. Recall that OK is the integral closure of Zp in K. Let fpXq “ Xn`an´1X
n´1`¨ ¨ ¨`a0 P

OKrXs be a monic irreducible polynomial, and α a root of f . Show that there exists N P N
such that if g “ Xn ` bn´1X

n´1 ` ¨ ¨ ¨ ` b0 P OKrXs satisfies f ” g pmod pqN , then g is
irreducible, and there exists a root β of g such that Kpαq “ Kpβq.

3. Deduce that there are only finitely many extensions of Qp of degree n.

Exercise 4 (Exposant 2 extensions of Qp.). Show that Qp has 3 (up to isomorphism) quadratic
extensions for p ‰ 2 and Q2 has 7 quadratic extensions. Show that there is a unique extension
of Q2 with Galois group pZ{2Zq3 (up to isomorphism). What can you say for Z{pZ extensions of
Qp ?

Exercise 5 (K{K is prosolvable). Let K{Qp a finite extension. The goal is to prove that any
finite (Galois) extension L{K is solvable.
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1. For σ P G “ GalpL{Kq denote by σn its restriction/quotient to OL{π
n`1
L . Show that if

we denote Gn the kernel of σ ÞÑ σn then Gn is a decreasing sequence of normal subgroup
which is eventually stationary.

2. Identify G0. What is its index in G ?
3. Denote U0 “ OˆL and by Un “ 1` pπn

Lq Ă Lˆ for n ě 1. Construct a morphism

Gn ÝÑ Un{Un`1

which is independant of the choice of πL.
4. Deduce that G is solvable. Hint : prove that Gn{Gn`1 ãÑ Un{Un`1.

Remark 0.1. The analogous result for Q, or any number field, is completely false ! This is one
aspect for which the local situation (Qp) is way easier that then global one (Q).

Exercise 6 (The extension Qppζp8q). Let ζ8p “ pζpnqn with ζpn a primitive pn-th roots of 1,
such that ζp

pn`1 “ ζpn . Denote Qppζp8q “ Yně0Qppζpnq.

1. Show that p is a norm in Qppζpnq{Qp

2. Deduce that Qppζp8q is the subfield of Qab
p fixed by recppq.
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